In this paper, we discuss the existence of strange nonchaotic attractors for the Chua's circuit with periodical excitation. We have studied the Lyapunov exponents, Poincaré maps, singular continuous spectra of characterizing the attractors. The results show that the excited Chua's circuit does indeed have the strange nonchaotic behaviors.
Introduction
Strange nonchaotic attractor refers to an attractor which is geometrically strange (fractal) but nonchaotic (i.e. typical orbits have nonpositive Lyapunov exponents). Since the pioneering work of Grebogi et al. [1984] , much research has been carried out to show the existence, characterization and mechanisms for the creation of attractors in quasiperiodically excited systems [Romeiras & Ott, 1987; Ditto et al., 1990; Kapitaniak et al., 1990; Heagy & Hammel, 1994; Pikovsky & Feudel, 1994; Liu & Zhu, 1996; Lai, 1996; Zhu & Liu, 1997a , 1997b Yalcmkaya & Lai, 1997; Prasad et al., 1998; Shuai & Wong, 1998 ]. All works show that strange nonchaotic attractors are typical in such systems and the destruction of a two-dimensional ergodic torus is responsible for the creation. Because the two-dimensional torus is a fundamental solution of quasiperiodically excited systems, the previous studies were devoted to the quasiperiodically excited systems.
It is well known that the two-dimensional torus solution can be generated in different ways. The solution can appear in autonomous and periodically excited systems as well as in quasiperiodically excited systems with nonzero Lebesque measure in the parameter space. Therefore it is reasonable that the strange nonchaotic attractors can also exist in the autonomous and periodically excited systems. However, to find the existence of the strange nonchaotic attractors in such systems is not a trivial thing. To our knowledge, no such works are reported except for one in [Anishchenko et al., 1996] with comments in [Pikovsky & Feudel, 1997] .
In this paper, we present an example of the periodically excited nonlinear dynamical systems, which exhibit strange nonchaotic attractors. The system is the periodically excited Chua's circuit [Murali & Lakshmanan, 1991] , as shown in Fig. 1 . The differential equation describing the circuit is given by
where v 1 , v 2 and i 3 are the voltage across C 1 , the voltage across C 2 and the current through L, respectively. E cos(Ωt) is the external excitation source with strength E and frequency Ω. The term g(v 1 ) represents the piecewise-linear characteristic of Chua's resistor whose functional representation is expressed as where G b is the slope of the first and last segments and G a is the slope of the middle segment of the functional curve of the nonlinear resistor as shown in Fig. 1(b) . B is the break-point voltage. It should be noted that in case of E = 0, the circuit reduces to the standard Chua's circuit [Chua, 1994] .
For the simulation convenience, we consider the dimensionless form of Eq. (1). By setting x = v 1 /B, y = v 2 /B, z = i 3 /BG and τ = tG/C 2 , then Eq. (1) can be transformed as
where
We have numerically analyzed the Lyapunov exponents, Poincaré maps and singular continuous spectra of characterizing the strange nonchaotic attractors. The results show that the periodically excited Chua's circuit does indeed have strange nonchaotic behaviors and these attractors exist on continuous sets of parameter space.
The Existence of Strange Nonchaotic Attractors
The existence of strange nonchaotic attractors can be best understood by observing the Lyapunov exponents and Poincaré maps. For system (2), there are four Lyapunov exponents with one zero exponent due to excitation term. Let the Lyapunov exponents λ i be ordered by size,
Then the circuit has strange chaotic solution if λ 1 ≥ 0, strange nonchaotic or periodic solution if λ 1 = 0 > λ 2 , strange nonchaotic or quasiperiodic solution if λ 1 = λ 2 = 0 > λ 3 . The distinction between strange nonchaotic solution and regular (periodic or quasiperiodic) solution can be made from the Poincaré map, which will be geometrically fractal for strange chaotic/nonchaotic attractors. In our numerical study, we will choose A as a variable parameter while fixing parameters α = 10, β = 20, a = −1/7, b = 2/7 and ω 0 = √ 2 − 1. The differential Eq. (2) was integrated by using a fourthorder Runge-Kutta method with 50 time steps per period of cos(ω 0 τ ). The number of excitation periods was taken between 5×10 4 and 1×10 6 depending on circumstances. Figure 2 shows the Lyapunov exponent versus A (the largest Lyapunov exponent λ max , except one trivial exponent, was taken and the figure was obtained for the finite A at initial setting A = 0.7 with step 0.003125). We can see from this figure that λ max is less than zero for A below 0.784375. . . and λ max becomes positive for A beyond 0.784375. . .. Therefore, the circuit is chaotic when A is taken from (0.784375, 0.8]. Figure 3 shows the projections of Poincaré map on the planes (x, y), (x, z) and (y, z) with A = 0.7875. It is seen that the attractors are fractal-like. So we can say that the circuit works at strange chaotic states when A falls in (0.784375, 0.8]. For A between [0.7, 0.784375), it seems that the circuit should be periodic by conventional reasoning. However, the Poincaré maps reveal that the circuit is strange, as shown in Figs. 4(a) and 4(b) for A = 0.7 and A = 0.78125. We have tried some other values A between [0.7, 0.784375) and found that the Poincaré maps are all strange (Fig. 4(c) gives an example for A = 0.76875). Based on the Lyapunov spectrum distribution and the structure of the attractors, we may conclude that the periodically excited Chua's circuit has strange nonchaotic behaviors and the behaviors exist on a nonzero measure set in the parameter space.
It was argued in [Pikovsky & Feudel, 1994 ] that the strange nonchaotic behavior has singular continuous spectrum. To reveal this characteristic of the strange nonchaotic attractors for A in [0.7, 0.784375), we have followed the method in [Pikovsky et al., 1995; Anishchenko et al., 1996] . Instead of directly calculating the spectrum, we calculate the normalized autocorrelation function ϕ x (i) and the averaged squared autocorrelation function C(i) of the sequence x(n) of points of Poincaré map, 
It was shown that a strange nonchaotic attractor has singular continuous spectrum if its ϕ x (i) and
In this simulation, we have taken y(n) as the point sequence recorded. The excitation strengths A are set as same as those used in Fig. 4 . Figure 5 gives a segment of the point sequence. The calculated functions ϕ x (i) and C(i) are shown in Fig. 6 . It is seen that the function ϕ x (i) decreases to zero, while C(i) does not, as time shift increases. That is to say that the attractor has the singular continuous spectra for the selected strengths. We have calculated ϕ x (i) and C(i) for other excitation strengths and can draw the same conclusions.
Results and Discussions
In this paper, we discuss the existence of strange nonchaotic attractors in periodically excited circuit. The numerical simulations and characteristic analyses show that the periodically excited Chua's circuit does indeed have strange nonchaotic behaviors. Our research along with the work in [Anishchenko et al., 1996] show that the strange nonchaotic attractors can exist not only in quasiperiodically excited dynamical systems but also in periodically excited dynamical systems.
The mechanism for the creation of the strange nonchaotic attractors in our system deserves to be further studied. It is well known that the system should have two zero Lyapunov exponents corresponding to quasiperiodic motion and the destruction of the motion is responsible for the creation of the strange nonchaotic attractors in the conventional view and the work in [Anishchenko et al., 1996] . The motivation behind our research is also based on this observation. However, for our system and parameter settings, there exists only one zero Lyapunov exponent due to excitation term. So it seems that the generation of the strange nonchaotic attractors in our system is due to the "destruction of the periodic motion". It should be noted that for our system parameter setting, the circuit has periodic motion when A = 0 [Kennedy, 1993] . The external excitation makes the circuit become strange chaotic/nonchaotic. Due to the huge computational load, we have not investigated the circuit behavior for A below 0.7. We will elaborate this point in the future study.
Finally, we remark that the circuit model used in this study is derived from a realistic circuit. Hence it is expected that the phenomena reported here can be observed experimentally.
